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ABSTRACT 


Necessary  definitions  and  theorems  from  real  variable  dealing  with 
some  properties  of  Lebesgue-Stiel jes  measures,  monotone  non-decreasing 
functions,  Borel  sets,  functions  of  bounded  variation  and  Borel  measur¬ 
able  functions  are  set  forth  in  the  introduction.  Chapter  2  is  concerned 
with  establishing  a  one  to  one  correspondence  between  Lebesgue-Stiel jes 
measures  and  certain  equivalence  classes  of  functions  which  are  monotone 
non  decreasing  and  continuous  on  the  right.  In  Chapter  3  the  Lebesgue- 
Stieljes  Integral  is  defined  and  some  of  its  properties  are  demonstrated. 
In  Chapter  4  probability  distribution  function  is  defined  and  the  no¬ 
tions  in  Chapters  2  and  3  are  used  to  show  that  the  Lebesgue-Stiel jes 
integral  of  any  probability  distribution  function  can  be  expressed  as 
a  countable  sum  of  positive  numbers  added  to  the  Lebesgue-Stiel jes  inte¬ 
gral  of  a  continuous  probability  distribution  function.  The  conclusion 
indicates  how  the  Lebesgue-Stiel jes  integral  may  be  used  to  define  the 
probability  associated  with  a  Borel  set  of  real  numbers. 
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Chapter  1 


INTRODUCTION 

The  terminology  and  notation  used  in  the  thesis  is  defined  below. 
Certain  elementary  theorems  are  stated  without  proof  and  proofs  are  indi¬ 
cated  for  a  few  properties  of  Borel  sets,  Lebesgue-St ie 1 jes  measures, 
functions  of  bounded  variation  and  Borel  measurable  functions.  These 
theorems  and  properties  are  used  in  the  subsequent  chapters.  The  proofs 
are  included  in  the  introduction  to  avoid  breaking  the  continuity  of 
various  discussions . 

DEFINITION  1.1 

R  is  the  collection  of  all  real  numbers. 

DEFINITION  1.2 

R*  is  the  collection  of  all  real  numbers  and  -*-oo 
DEFINITION  1.3 

A  set  is  any  collection  of  real  numbers. 

DEFINITION  1.4 

A  class  is  a  collection  of  anything  other  than  real  numbers. 
DEFINITION  1.5 

An  algebra  A  is  a  non  empty  class  of  subsets  of  R  such  that  if  A 
and  B  are  in  so  is  AUB  and  if  A  is  in  A  so  is  A. 

THEOREM  1.1 

An  algebra  A  is  closed  for  the  taking  of  finite  unions  and  inter¬ 
sections.  R  and  0  are  elements  of  . 

DEFINITION  1.6 

A  CT -algebra  &  is  an  algebra  where  every  union  of  a  countable 
number  of  sets  in  £  is  again  in  %  . 
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THEOREM  1.2 


A  c-algebra  A  is  closed  for  the  taking  of  countable  intersections. 
THEOREM  1.3 

There  exists  a  minimal  a- -algebra  which  contains  the  class  of  all 
intervals. 

Proof:  Let  K  denote  the  collection  of  all  CT-algebr3s  that  contain  the 

class  of  all  intervals.  The  class  of  all  subsets  of  R  is  an  element  of 
K  and  therefore  K  is  not  empty.  Let 

13  =  n  f a  --a  ^  } 

Then  13  is  a  a  -algebra  and  if  G~  is  a  <r  -algebra  in  K.,  is  a  sub¬ 
class  of  Gi.  Further  contains  the  class  of  all  intervals  and  hence 
1$  is  in  K.  is  therefore  the  minimal  cr -algebra  containing  the  class 

of  all  intervals. 

DEFINITION  1.7 

The  class  13  is  the  class  of  Borel  sets. 

DEFINITION  1.8 

A  function  on  A  to  B  mates  every  element  of  A,  the  domain  of  the 
function,  with  a  unique  element  of  B.  It  is  not  necessary  that  all  ele¬ 
ments  of  B  be  used. 

DEFINITION  1.9 

A  set  function,  <p  ,  is  a  function  on  a  given  class  of  sets  to  R* 
such  that  cp  mates  at  least  one  set  to  an  element  of  R. 

DEFINITION  1.10 

A  countably  additive  set  function,  cp  ,  is  a  set  function  such  that 
oo 

for  every  U  A-0  in  the  domain  of  cp  where  the  Aj/s  are  disjoint  sets 
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in  the  domain  of  <p 


<p(  U  A-J  =  2-  cp  A-c 

*-= '  i-  • 

DEFINITION  1.11 

A  measure  is  a  non-negative,  countably  additive  set  function 

i 

defined  on  an  algebra. 

DEFINITION  1.12 

A  Lebesgue-Stiel jes  measure, jj.  ,  is  a  measure  that  mates  finite 
numbers  to  finite  intervals. 


THEOREM  1.4 

Let  jx  be  a  Lebesgue-Stiel  jes  measure.  If  B^C^  ant*  both  and 
B2  are  in  the  domain  of  yu  ,  then 

^ /‘-‘Bz- 

Proof:  Since  B2_B^  r  B2^®1  ,  B2*B^  is  in  the  domain  of ja.  . 

-  jul  L UB.l 

—  yOt  ( "£>i  ^ 

^  yx.’B, 

THEOREM  1.5 

If  «.  is  a  Lebesgue-Stiel jes  measure,  then 


:  ja. 


*o 


Proof : 


yU  A  :yu(A  /  ) 

=  /x  A  + 


DEFINITION  1. 13 

is  the  class  of  all  monotone  non-decreasing  functions  defined  on 
R  and  continuous  on  the  right. 


3 


DEFINITION  1.14 


F^  and  F2  are  r-related  if  F^  and  F2  are  functions  in  J/(_  that 
differ  by  a  constant. 

THEOREM  1.6 

The  r-relation  divides  M.  into  equivalence  classes. 

Proof:  The  r-relation  is  evidently  symmetric,  reflexive  and  transitive 


THEOREM  1.7 


Every  function  in  is  in  one  and  only  one  equivalence  class. 


DEFINITION  1.15 


E  is  the  collection  of  all  equivalence  classes 


in  M.  . 


DEFINITION  1.16 

Let  F  be  a  function  defined  on  R  and  let  b  be  an  element  of  R*. 
Suppose  F  is  such  that  lim  F(x)  exists  and,  in  case  b  z  +  oo  , 

x  —V  -  00 


lim  F(x)  exists.  Define  F(-oo)  -  lim  F(x)  and  in  case  b  :  +  oo 
define  F(b)  z  lim  F(x).  If  there  exists  a  "finite  partition", 

X  00 


T  I  k 

1  =  ‘ 


for  some  real  number  k,  then  F  is  a  function  of  bounded  variation  on 
C-oc35  b  3  .  In  case  b  =  +  ,  F  will  be  said  to  be  of  bounded  varia¬ 

tion  on  R  (or  simply  a  function  of  bounded  variation.) 

THEOREM  1.8 

If  F  is  of  bounded  variation  on  (  -o*  ,  b]J  ,  then  F  equals  the  dif¬ 
ference  of  two  monotone  non-decreasing  functions  on  (-00  ,  t>3  .  The  proof 
of  th.  f 
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LEMMA  1.8.1 


For  every  finite  partition  of  (-o°,b3  , 
Fib)  -  PC- =o>  =  2-  LFcx.-l}  - 

L  -  ‘ 


DEFINITION  1.16.1 

The  total  variation  of  F  on 


,  is 


sop  Z_  \  Fcx^1)  -  . 

u-  \ 


Evidently 
LEMMA  1.8.2 

For  every  finite  partition  of 

Fils')  -  H  (  -so')  —  2_  +.  ■+■  *7  -  _ 

where  is  the  sum  of  all  the  positive  terms  in  2- 

L=  i 

and  5L_  is  the  sum  of  the  other  terms. 

DEFINITION  1.16.2 

The  positive  variation  of  F  ,  pj?»  ,  is  the  suprenuro  of  2-+  over 
all  finite  partitions  of  (-<*=>.,  bl  .  The  negative  variation  of 

F  ,  N_£,  ,  is  the  supremum  of  —  T _  for  all  finite  partitions  of 

\o\. 

LEMMA  1.8.3 

"P-e-a  "  "2.  I—  V-#o  F  C  t>)  “  Ft- 

Nl-ao  -  "2  L  l^-io  +  Ft- 00}  —  I-  tu)3 
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Proof ;  Since 


[fcv-^  -fcv^vI  =  1L-  -  Ft^-  fv*®} 

c.  ”  1 

and 

£-  I F\*t\ _  -  2L  +  -  2- _  £ 

L  -  ' 

it  follows  that 


S_^  ^  a  t  V.^,  4-i-cb)  -  \-  <--®\] 

and 

->L_  ^  "k  L  V-t=>  4-  Ft-®0)  - 


On  the  other  hand  for  every  (:>0  there  exist?;  a  finite  partition 
of  such  that 

£.  I  FO.^  >  V-t-i. 

L  -  ' 

Hence  for  this  partition  a  similar  argument  shows  that 


X  +  >  k  Lv.k-€  -i- 


and 


y_ _ L  v^oo  +  c  -  j 

Thus  the  lemma  holds. 

LEMMA  1,8.4 


t':, 

FC  fc)  =  !-<*—<  ,  "P.i.  -  N -U 

Proof:  These  equations  follow  from  adding  and  subtracting  the  equa¬ 

tions  of  the  preceding  lemma. 
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LEMMA  1.8.5 


For  all  x  , 

Foo  =  1 

LEMMA  1.8.6 

If  x  <x x  ,  then 

M-L  £  KjJU'  end  'P.i  1  “P_^ 

Proof:  Obviously  '2-  +  cannot  be  greater  for  x"3  than  for 

*x  3  .  Similarly-^!.—  cannot  be  greater  for  Cr6"3*  *3  than 

for  .  The  theorem  follows  from  lemma  1.8.5  and  lemma  1.8.6 

DEFINITION  1.17 

A  function  g  Is  Borel  measurable  if  ^x:  ^cx^k}  is  a  Borel  set 
for  every  k. 

THEOREM  1.9 

If  g  is  Borel  measurable,  then  ^  x:  g(x)<k^  ,  (x:  g(x)  £  k  j  and 

jx:  g(x) >  k  ^  are  Borel  sets  for  every  k. 

Proof;  Since 


for  every  k  and  the  Borel  sets  are  closed  for  the  taking  of  complements 
(x;  g(x)  <*  k  |  is  a  Borel  set  for  every  k.  Since 


Pi  {  x  (x  >  <  I?  +  -r  }  =  {  x  '.  <3  <  x  >  l§  | 

L- 1  ^ 

for  every  k  and  the  Borel  sets  are  closed  for  the  taking  of  countable 
intersections,  (x;  g{x)  <  k £  is  a  Borel  set.  Finally  |x;  g(x)  >  k  j- 
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is  a  Bore!  set  for  all  k  because 


X  ••  1  le  \  -  (  X  ■- 

THEOREM  1.10 

If  g  is  a  Borel  measurable  function.  Kg  is  a  Borel  measurable  func 
tion  for  every  fixed  real  number  K. 

Proof:  When  K  =  0,  the  theorem  is  obvious.  When  K  >0 


k}  a  \  X'. 

When  K  <  0 


THEOREM  1.11 

If  and  are  Borel  measurable,  then  gj-V-g2  is  Borel  measurable. 
Proof:  If  8j^(x)+82^x^  »  there  exists  a  rational  number  r  such  that 


<3,<*>  <  r  < 

Hence  writing  the  rationals  in  a  sequence 


{x-  •»-  ^2tx)<rk  \  C  k-rj] 

On  the  other  hand,  if  there  exists  a  rational  number  rn  such  that 
8l<x)  <frn  and  g2<x)<'k-rn,  then  g]_(x)  4-g2(x)  <  k.  It  follows  that 


+  ^oO<fe}0(JH  *  Yx)<' 'll  rtf* '■  le'rl^  - 

Hence 

( x •  fc  \  -  0  L(  * ;  <  ri\  n  { < ;  ^cx> <  k  ~  ri  n 
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Taking  complements 


r  c”°  -j 

|x-  *■  nt<v,  U  ■(*'-  r~\  ] 


THEOREM  1.12 


If  for  every  n,  gn  is  Borel  measurable  and  if 


Lim  gn(x) »  g(x) 


Chen  g  is  also  Borel  measurable. 

Proof;  Take  an  x  in  ^x:  g(x)  <k  ^  and  choose  m  large  enough  chat 

Because  of  convergence  chere  exists  an  N  such  thac 


»v>  2 

for  every  n>  N 

Hence  x  is  in 


>o  oo  ^s?  r  . 

u  u  n  ix,  o  (.*)<■  k - 

015-1  n  2  (sj^,  J  ^ 


On  the  other  hand  take  x  in  t3  U  O  (  *  -  q„(x)<  k~ 
Then  for  some  m  there  exists  an  N  such  that  for  every  n>N, 


Because  of  convergence 

Hence  x  is  in 

(  *  '•  <^C*>  <  k 
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Then 


.  flO  3*>  ^ 

{ v.  oio <:  k \  =  o  u  n  \ *•. 

msi  Nl-  \  ^  J 

Taking  complements  and  observing  that  the  Bore l  measurability  of  the 
gn's  implies  the  set  on  the  right  is  a  Borel  set,  it  follows  that 
[x:  g(x)  ^  k  }  is  a  Borel  set  and  hence  g(x)  is  Borel  measurable. 
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Chapter  2 

FUNCTIONS  OF  At  AND  LEBESGUE-STIEL JES  MEASURES 
It  will  be  shown  that  there  exists  a  biunique  correspondence  between 
the  equivalence  classes  in  E  and  all  Lebesgue-Stiel jes  measures  on  -Q  . 
THEOREM  2.1: 

For  every  M  in  E  there  exists  a  unique  Lebesgue-Stiel jes  measure, 
yx ,  such  that  for  each  F  in  M  and  for  every  a  <  b 

/A.  Ca,b]  -  FO)  -  Fto.) 

The  proof  of  theorem  2.1  proceeds  as  follows: 

DEFINITION  2 A._l 

C,=  \t  ,  (oL,bl  ,  C-  oc  ,  b]  }  Cc.  ,?o  )  for  every  <x  <  t 1 

LEMMA  2.1.1 

C^  is  closed  for  the  taking  of  finite  intersections. 

LEMMA  2. 1.2 

The  complement  of  any  set  in  C^  is  in  C^  or  is  the  union  of  two  dis¬ 
joint  sets  in  Cj« 

LEMMA  2.1.3 

The  union  of  any  two  overlapping  or  abutting  sets  in  C^  is  in  C^ . 
DEFINITION  2.1.2 

/a/  =  O 

1  Fib)  -  FicJ) 

yLU-o °,b]-  <*>!>] 

'  X  _■>  oo  / 

zxT?  =  luno 

X  0«  ' 

y 
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LEMMA  2.1.4 


Every  F  in  a  given  M  determines  the  same . 

DEFINITION  2.1.3 

n 

C?  ;  (A;  either  A  is  in  C.  or  A  r  U  A*  where  the  A*'s  are 
1  1  i=l 

disjoint  sets  in 


LEMMA  2.1.5 


C1C  c2 
LEMMA  2.1.6 


C2  is  closed  for  the  taking  of  finite  unions, 


r\ 


Proof:  First  consider  that  if  A  is  in  Ci  and  U  B,-  is  such  that  every 

1  i=l  x 

o 

B.-  is  in  Ci  ,  U  B,  U  A  is  in  C~.  This  follows  from  the  distributive 
1  izl  1  2 


law  for  unions,  Lemma  2.1.3  and  the  definition  of  C2*  Again  considering 
the  distributive  law  for  unions,  the  union  of  any  two  sets  in  C2  is  in 
C2»  The  lemma  follows  by  induction. 

LEMMA  2.1.7 

'C2  is  closed  for  the  taking  of  finite  intersections. 

Proof:  The  lemma  follows  from  the  distributive  law  for  intersections, 
lemma  2.1.1,  the  definition  of  C2>  and  induction. 

LEMMA  2.1.8 

C2  is  closed  for  the  taking  of  complements. 

Proof;  If  A  is  in  C2  and  every  A^  is  In  C^, 

A  *  o~Tl 

*  -  1  ** 

X  "  I 
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It  follows  from  Lemma  2.1.2  that  every  is  in  0>2'  The  lemma  follows 
from  lemma  2.1.7. 

LEMMA  2.1.8 

C2  is  an  algebra  of  sets. 

DEFINITION  2.1.4 

For  every  A  in  C2  let 


where  U  A^= A  and  the  A^’s  are  disjoint  sets  in  C^. 


LEMMA  2.1.9 


is  uniquely  defined  on  C9. 


Proof:  If  S=  U  where  the  S.'s  are  in  then  S  -  O  A.  where 


which  implies  the  A^ 1 s  are  disjoint  and  in  €2* 


If  U  A-  -  U  fi-.  ,  the  Ai’s  are  disjoint  sets  in  C,  and  so  are  Pi's. 


I:  follows  that 


U  1 i.r\  A. 

isl  * 


and  "6  -  -  U  A;AP)-  . 
4  A 


Hence 


and  Z-  JU  (  A ;  A^-) 


It  follows  that 


LEMMA  2.1.10 


If  A  and  B  are  in  C2  and  /C.B, 


js-A  <L  . 
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Proof : 


Since  B  -  A  :  B(1a  is  in  Cj  , 


yU"5  =  /A Ufc-A)  u  Al  «  ^  C'&'A'i  +y^A 

LEMMA  2.1.11 

ytx.  is  countably  additive  on  C2. 

Proof:  It  is  sufficient  to  show  that  if  (J  is  in  C2  and  the  A^'s 

a.  —  I 

are  disjoint  sets  in  ,  then 


/* 


(uaJ 

i.-  I 


OO 

Consider  first  that  if  (a,b3  equals  LJ  (a.,b.l 

i=l  1  L 


tervals  are  disjoint,  then 
all  n. 


U  (a. ,b.l 

« - i  l’  1J 
1-1  ^  X 


is  a  subset  of 


where  all  the  in 
(a,bj.  Hence  for 


yW  (  CL^bl  1  yU.  > 


It  follows  that 


CKi 

2-  y(A  C  CLX  . 

The  same  inequality  follows  in  a  similar  fashion  for ^  (a, 00)  , 
yU  (‘^  »b3  a«d  R. 

To  show  the  reverse  inequality,  first  consider  a  and  b  finite. 
Since  F  is  continuous  on  the  right,  for  every  fc>  0  there  exists  a 
b > 0  such  that 

F(a+-2>'  <  P(o-)  +  t 

Moreover  for  every  I,  there  exists  an  ^>0  such  that 
P” (  1 <{*.)  <  T-  (  b^)  ■+  k  Z  A'. 

Further 


c<x,bj  =  U  Ca^b^l  C.  pu^b^rii) 

A.  -  \  JL>~  l  J  ' 
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Hence  by  the  Heine  Borel  theorem  there  exists  an  integer  m  such  that 


U  (  (Li  b^+  Y[k)  . 

Consequently,  renaming  the  end  points  of  the  intervals  if  necessary, 
at-  b  is  in  (5j,b,+-vy  and  for  some  integer  k  between  1  and  n  inclusive 
b  is  in  (ak,l-k+ rfk). 

Suppose  the  least  k  is  one.  Then  since  [a+S,b3  is  a  subset  of 
(aj,  »b^-t-  v'fi  )  ,  it  follows  that 

FCa.)  £  P(at  S)  <  “  ia)  *•  t 

and 


Hence 


F(b)  £  FCb.+  ^J  <  F<b,)+- 


F(b)  -  FCa)  -  <:  < 

It  follows  that  ^*.(a,b3  ^  yu.  (aj,b^ 


(CLO+  e  2'.' 
which  implies  that 


oo 

/Uo.,bl  £  yUCa^jb^l. 

Suppose  the  least  k  is  greater  than  one.  Then  b  1  b^-*-  ^ 

which  implies  that  bj+-v^  is  1°  (a»bl  .  Since  b^+/^  is  not  in 
(a^  .b^-*-  v^)  there  must  exist  an  integer  j  greater  than  one  such  that 
bj+  is  in  (a^  ,  bj  +  y^).  If  j  is  not  two,  let  the  jth  interval  be 
second  and  the  second,  the  jth.  Then 

a2  <  b.4V7i  <  b  2+ 

This  procedure  may  be  repeated  if  necessary  until  the  first  ) 

where  b  <  b,  +  yi  .  Then 
k  «k 

C  a*  S ,  bl  C  U  C  o-i, )  t 
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and  for  every  integer  j  such  that  1  <  j  ^  k 


Q.-<  +  H  <  bi+v?i* 

Since  F  is  non  decreasing,  ic  follows  chat 


L(rCb1+-^^) -I-  (a.0\  ~ 


^-1 


+  2. 

J  "  I 


A.  -  I 


^  l-Cbt+y]k)-pr(CLl'| 


>  FCb)  -  «=■<  CL  +  S') 


^  >“  Cb)  -  (-’(CL'i  —  b  . 

However 

k  k  k 

Z.  I-  C  b;_r  i.)  <  2_  F  (  i  1  2  ^ 

JL-t  v  i-=l  i.=  i 

It  follows  that 

k  ,  ^ 

2_lF(b^-  Ft^Ol  >  F\b)  -  i-tc^-  t  Q  \  +  £.  2*^3 

L=  \ 

Since  this  inequality  holds  for  any  integer  greater  than  k, 

oo 

Therefore  for  a  and  b  finite, 


^<0.^3  =  2. 

Oo 

Assume  now  that  (a,oo)  equals  U  (a.,b.3 

JL  =  «  11 


whe  re 


£  =  <  b^  =  a2  <  •••  where  lim  bn=  ©o  .  For  every  finite  value  of  x 

n  —*> 
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greater  than  a,  (a,x  C  (a^,b^  '  It  that  there  must  be  a 

bn  x  • 

Hence 


ju.  ( a,->0  i  i-  lb„)  -  Ha,) 

*n 

=  Z.tF(bJ  -P(aol 


• 


oO 

=  M  <o>A.*bi,1. 

L-\  ' 

OO 

Similarly  it  may  be  shov/n  that  if  (-oo;  bj  equals  U  (a.,b,j 

A.  ~  *  *  ■*■ 

03 

b3  £  2-  M  (CLi., 

A.-  1  ^ 

O-o 

and  if  R  equals  U  (  0-x  ,b;J 


/X"F?  £  £.  /a  C  <Xi ,  b  J  . 

i-l 

ri 

Finally  every  sec  in  C-,  may  be  expressed  as  U  Av  where  the  A. ’s 

c  v*l  L 

OO 

are  disjoint  sets  in  C,.  If  U  A-  equals  \J  (a.,b  J  ,  it  follows 

i='  L=>  1 

that 


U  A-n  Ca^^i.3  *  and  U  Calsb-1n  A;  -  A; 

S“'  A-~l  0 


As  a  consquence 


iX  (  G-x  > s  2.  /a.  L  A  *  O  (  ex ^  b 
y  <Sr< 
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and 


Hence 


AAi  =  >u  A  A^l 

Z  £  yW- L  n  A  J1 


Z 

i-1 


> 

> 

\S~m 

II 

00 

Z  ul^^bjnA;] 

»A 

yr\ 

Z  Z 

*-> 

?T, 

W1 

=  Z 

Z-  l 

Letting  m  go  to  infinity  gives 


Hence 


Z  A-^  =  yu[  U  A;1  = 

s=<  *v's' 


PO 

2-  /A-Ca^lO 


r  Oo  —  oo 

ul  U  CGL^bj]  =  Z  /X-Cdl^bjLZ 

/  L-i  L - i  7 

LEMMA  2.1.12 

yu  is  a  measure  on  C2* 

DEFINITION  2.1.5 

For  any  subset,  S,  of  R  let 

j  ©O 

JX  S  -  inf  Z  yU 

where  every  is  in  C2 ,  the  A. 's  cover  S  and  the  infimum  is  with  re 
spect  to  all  countable  sequences  of  sets  in  C2  which  cover  S. 
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LEMMA  2.1.13 


lx-  is  defined  for  all  subsets  of  R. 

LEMMA  2. 1. 14 

If  A  is  in  C2  , 

JX  A  -  yU.  A . 

Proof:  Take  any  countable  sequence  of  sets  from  which  covers  A. 
Denote  the  members  of  the  sequence  by  .  Then  define 

An  *  An  C.T5*-  U  Bi.1 . 

X'  » 

OO 

Then  A  is  in  C0,  the  A 's  are  disjoint  and  U  =  A  .  It  follows 
n  c  n 

from  lemma  2.1.11  that 

Oo 

yt/  A  =  £.  /U  . 

A-i 

Since  for  all  n  ,  ^  is  a  subset  of  Bn  from  lemma  2.1.10, 

£  2  ■ 

L- 1  1 

Hence 

oo 

>L= ' 

To  complete  the  proof  consider  the  sequence  A, (4,0,...  . 

a 

AL  A  x*-  A  +  //a.  ^  +  " "  . 

If  jj.  A  is  less  than  A  ,  there  will  exist  a  sequence  of  sets 
Bj,B2,..*  from  C2  which  covers  A  and  is  such  that 

/^*A+  >  2-  /u‘S>jl3 
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where 


t  -  /*  A  -  A  >  o  .  This  implies  that 

oo 

yu  A  >  2L 

>L  =  i 

which  is  impossible.  Hence 

yx  A  »yu.'t  A 


LEMMA  2.1.15 


LEMMA  2.1.16 


/Vs 


If  is  a  subset  of  ,  yU  S,  ^ yM-  5^ 


LEMMA  2.1.17 

If  S  is  covered  by  a  sequence  of  sets,  S^,S2>*««  , 

y  'j--  \  / 

Proof;  The  statement  is  trivial  whenyU*S  is  infinite.  When y(A*S  is 
finite  for  every  and  every  £  >  O  there  exists  a  sequence  of  sets  from 
^2  j  A,l,Az^,...  ,  which  cover  and  are  such  that 


$=■ 


Hence 


oo  coo 

I  a  M  Af.  <  2- 

L- 1  \r’  7 


/a  1 


Since  S  is  covered  by  S^,S2>«>*  and  is  covered  by  •  •  •  it 

follows  that  S  is  covered  by  Aq,A^2>***  .  Hence 


/si  A  c  u  0  ah) 
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Consequently 


*b. 


<  5.  '/LK  8X  -v-  e 

/C=  t  7 


/.'St  2.  ysx. 

i.  =•! 

DEFINITION  2.1.6 

The  class  of  all  -measurable  sets  of  real  numbers,  C^,  is  the 
class  of  all  sets  of  real  numbers  A  such  that 

S  1  /J  csn  A)  4-  Jj}  (5' A) 

where  S  is  an  arbitrary  set  of  real  numbers.  S  is  called  a  test  set. 

LEMMA  2.1.18 

0  is  in  • 

LEMMA  2.1.19 

If  A  is  in  C^,  A  is  in  C3. 

LEMMA  2.1.20 

O 

If  A^,A2,**'  ,  A.  is  a  finite  sequence  of  sets  in  C3  ,  U  A^  is  in 

C3. 

Proof:  Using  induction,  suppose  and  A2  are  in  C3.  Then  for  every  set  S, 

Jj}  (  sn  A,)  +  yu.*  (S-A,) . 

Using  S-A^  as  a  test  set, 

jJ  (  S' A,}  1  ^  C  5-A,  A  Az)  C  S  -  A ,  -  A  2. ) 

Hence 

yU*  5  jl*}  (5AA|)  +- ya'|;fS-A1AA2)  +  yu*  ( S- A, -A 2^. 
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i  j<x*  L(  s  n  m  u(  L 

~  yx^  LSO  CA,UA2)]  ■+■  jx ^  C5-  (A,Oa2)J 

The  lemma  follows  by  induction. 

LEMMA  2.1.21 

If  Ai,A2,,,,>  An  is  a  finite  sequence  of  disjoint  sets  in  C3  and  S 
is  any  set  of  real  numbers, 

i^CsnUA;)  =  £  ^(SOAJ. 

'  *sl  L-'  ' 

Proof:  Using  induction  again,  the  statement  is  trivial  when  n  =  l. 
Making  the  induction  hypothesis,  using  lemma  2.1.20  to  assert  that 

I 

A^  is  in  C-i  and  using  S  C\  U  as  a  test  set, 

V  - 1  j-- » 

llHshOaOI  jul  CSAU  AjlAUaO^CSAU  Ax-  U  a0 

/  /  i-a|  c=\  *  '  c-»  ^=v 

^ ( sn u  ^  -v- csaa**,) 

By  the  induction  hypothesis 

AO  -  i  /(5HA0. 

y  l-‘  A- >  ' 

It  follows  from  lemma  2*1.17  that 

r\+\  n-H 

(a.+  (SAU  A,)  {1/  CSAAJ. 

7  i_=»  / 

Therefore 

i  /'4'  v  £-*’  -k 

jUL*(Sn.U  AO  =  1.  yCSAA,). 
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LEMMA  2.1.22 


If  A^,A2»...  is  a  denumerable  sequence  of  disjoint  sets  in  and  if 
S  is  an  arbitrary  set  of  real  numbers, 

y/csnu  aO  =  l.  jj?  c  s  a  Ax) 

^  oo 

Proof:  Since,  for  every  n,  U  A;  is  a  subset  of  0  P\K  ,  it  follows 

i=i  L=i 

that 

yU* *(U  0  Al(\^) 

/  7  L-  I 

VO 

=  Z  u.*  (Ai/lS') 

c  =  t  7 


Letting  n  go  to  infinity,  it  foLlows  that 


^  .  oo 


a  (  UA-  ns)  ^  I  M*(A;,nSv) 


Since  A^H  S  ,A2^  S, .  . .  cover  U  it  follows  from  lemma  2.1.17 

that 


Thus 


M.*(u 

7  *--*  JL- v  7 

a”(U  A <b)  =  L  uS(  A 
S  i-'  / 


LEMMA  2. 1.23 


If  A^,A2,...  is  a  denumerable  sequence  of  sets  in  C3,  (J  Aj  in  C3. 

A 

Proof:  Taking  only  A|>A2>***  ,A.  it  follows  from  lemma  2.1.20  that  for 
an  arbitrary  set  S, 

* 


/si  jJ  csr> !JAC)  +  ja*  (S‘,u  A;). 
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Moreover  from  lemma  2,1.20 


U*  CSA  0  o  a  £  u,*(  SAAO 
7  ' 


and  from  lemma  2,1.16  and  the  fact  that  U  A^  3  U  Ax, 


JL-» 


aa*  (  S-U  AO  1  (  S-  U  AO 

'  A.-'  '  «."• 


Thus 

/si  £  ^(A^fiS)  +  ^*(5-0*0 

Letting  n  go  to  infinity 


yA*S*  °L  /  (AOS)  +yu-*(S-UA-J> 

l  ” 1  ~ 


It  follows  from  lemma  2.1.22  that 


Sl^  (SoUaO  y*(S-OA;) 

cO 

It  follows  that  u  is  in  C3. 

A  —  l 

LEMMA  2,1.24 

C2  is  a  subset  of  C3. 

Proof:  If  A  and  B  are  two  arbitrary  sets  in  C2»  Af\  B  and  A  -  B 

disjoint  and  in  C2-  The  union  of  A  OB  and  A— B  is  A# 

Hence 

Jjf  (  kf\y>)  -*•  jJ  (  A  -’5)  =  yu*  A. 

For  S,  an  arbitrary  set  of  real  numbers,  if  yu  S  is  infinite 

A*  5  *  /a*  C S fi A )  +  /a*  CS-A) 

for  all  A  in  C2 


are 
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jV 

If  jjl  S  is  finite,  then  from  the  definition  it  follows  that  for 
every  ,  there  exists  a  sequence,  A^,A2,***  in  C2  which  covers  S 

and  is  such  that 

OO 

^U.  S  ^  O  yLA 

-  1  [u(A^AA)  +  u  (  A^-  A')! 

L=  l  '  ' 

c*> 

for  some  A  in  C2*  However,  SnA  is  a  subset  of  U  (AjOA)  and 

A*  =  l 

A,^A,  A2HA,***  is  a  sequence  of  sets  in  C2*  Similarly  S-A  is  a  subset 

oo 

of  U  (A^-A)  and  A^-A, A2-A, • • •  is  a  sequence  of  sets  in  C2*  It  follows 
that 

yx*  (  5  A  A)  + jj}  ( ' S-A)  X-  LyK-(A;AA')i-  yuAA;.- A)1 . 

Hence 

^  s  ^  /J  csn  A')  +  ^  (s-a) 

It  follows  that  A  is  in  C^. 

LEMMA  2.1.25 

is  a  cr  -algebra  which  contains  C2« 

LEMMA  2,1.26 

Q  is  a  subset  of  C^* 

Restricting  the  domain  of  ym*  to  12>  it  follows  that: 

LEMMA  2.1 >27 

jjJ*  is  countably  additive. 

Proof:  Induction  may  be  used  to  show 

JJ?  ^  UA^)  =  jj} A-u 
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The  statement  is  trivial  for  n  *  1.  Making  the  induction  hypothesis, 


r  I  ”  *  ■ 

recalling  that  LJ  is  in  and  using  O  as  a  test  set, 

X=*  t.  =  l 


/(  u'aJ  i  y(u>.n  0  A.)  ./(ua.-ua, 


--  y.%  (  UA-J  A„„ 


*2  * 


The  induction  hypothesis ,  JUl"  (  U  =  SL  then  emplies 


*  /  \  H-M  , 

}X  \  U  At  )  1  ju.  Al 


This  completes  the  induction  proof.  However,  since  for  all  n, 


O  A:  is  a  subset  of  u  A* 


/(0/Oi  u.*(0AJ 

'  c  -  ‘  /  i-» 

A  ,%A" 


✓1  4, 

-  2_  Al 

JL  =  i 


Since  this  is  true  for  all  n, 


vU  /  oo  \  oo  I 

u.  (  U  A-J  i.  2.  u*  Al. 

/  A.s»  1  =  1  7 


Since  the  union  of  the  A^'s  is  covered  by  Aj,A2,*,#  ,  from  lemma  2.1.17 


,U 


H  UAjc 


c  - 1 


Hence 


uHG  A^  =  1.  y}  A.. 

/  i.-i  L~' 
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LEMMA  2,1.28 

jx  restricted  to  -&  is  unique, 
proof ;  First  consider  some  B  in  5  such  that  yU_*B  is  finite, 
necessary  to  show  that  if  AX  ^  is  a  raeasure  on  -i£>  such  that  jx 
yU.* A  equals  yU  A  for  every  A  in  C^.  then 

yU.'B  =  B>  . 

To  show  this  equality  consider  that  for  every  B  in 

JX  13  =  Z_  yuA^. 

Hence  for  every  ,  there  exists  a  sequence  * 

covers  B  and  is  such  that 

yO-^B  4-  €-  >  X  yU.  A^ 

Assuming  the  A^'s  are  disjoint  it  foLlows  that 

©O  <PO 

Lt  A  ^  ~  M  4 

<-=»  7  I-i  7 

7  V- 1 

A  yU.B. 

Hence 

B  A  /A.B  . 

To  show  the  reverse  inequality,  consider  that  since  B  is 

y(0o  i  /(Oa.hb)  */(u* 

=  yU*  B  -t  yu*  (  U  A  i  -  b)  . 


It  is 
equals 


2  which 


m  , 

r*&). 
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Since  the  Aj's  are  disjoint 

£  >  2-  JUL*  ~  ”E> 

=  //(  U  Ax,)  "yU^B 
=  aU  UAx-b) 

7  JL-  * 

But  for  every  £>0  ,  there  exists  a  sequence  of  sets  B^B^,***  *n  ^2 

OO 

that  cover  u  A -fc  -  B  and  are  such  that 
i.  -* 

/(UA.-B)  <  £  u/Bi. 

'  i,-'  V->  ' 

Taking  the  ' s  to  be  disjoint,  it  follows  that 


eo  oo 

uB;.  =  m,Bx 

7  c=i  7 

1  J*S  Ua,--b') 

Hence 


/U1(  0al-B>)<  (  0  Ax-B>) 

<  t  +  e 


Furthermore 


/Bi  /A*  (  U  A-J 

oo  I 

=  5L  ^  Ax 

X-i 
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Oo 

=  2-  M.,  Ai 

=  u,(uaJ 

/ 

=  yU,  (  y^A-^-B)  +yUl‘b 
<  2  t  -t-yU.'B. 

It  follows  that 

yU.B. 

Hence 

yU.b  =  Jj}  B 

Assuming  ,u*B  is  infinite,  express  R  as  the  infinite  union  of 
bounded  disjoint  intervals.  Then  R  -  U  COt^bjU.  Further 

A.  -  » 

B  s  B  n  U  (  O-i.)  b;3  and 
1=  \ 

--  SL  M,  ('bn  (on.biil 
~  yU,B, 

THEOREM  2.2; 

If  is  a  Lebesgue-Stiel jes  measure  on ,  then  there  exists  a 
unique  equivalence  class  M  in  E  such  that  for  every  F  in  M  and  every 
a  <  b 


yU(6L,bJ  -  I-  (  b)  -  F\Cl) . 
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DEFINITION  2.2.1 


F  <x)o  = 


/A(o,x] 

0 


for 

X  >  o 

for 

X  =  o 

for 

X  <  0 

The  proof  of  this  theorem  comes  from  the  following  lemmas; 


LEMMA  2.2.1' 


For  every  a  <  b  , 


/x ca,b3  =  F0(b)  -  i-0(a) 

Proof:  There  are  five  cases ; 

Case  1 :  If  o  <  a  , 

F’oC  a)  =yu  (  o  ,al  and  ^(b) -yU(o,b3 

However 

Jx(o^l  =^u(o,cl]  +  yu(a>b] 

It  follows  that 

F0  (b)-P0(a)=/A(asb3. 

Case  2:  If  0  =  a  , 

H0(ol)  =  0  and-  C  b)  -  JJ.  (  Ojbl  = JLk  (a>  b] 

Clearly 

f-\>(b)  -  F0(.cl)  =  jla.  (a>b3. 

The  other  three  cases,  when  a  <0<  b  ,  b  =:  0  and  a<b<o  ♦  follow  in 
a  similar  fashion. 


LEMMA  2.2,2 

Fq  is  a  monotone,  non  decreasing  function  defined  for  every  x  in  R* 
Proof;  For  every  x>a 


F0  (xi  -  i-0(a)  =  yUca^i . 
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Since  yU  (a, x]  2.0  ,  it  follows  that  for  every  x>a 

f-o  ( * )  'Z  '0(a.) 

Since  a  is  chosen  arbitrarily,  F0  is  a  monotone  increasing  function. 
Clearly  F0  is  defined  for  all  x  in  R. 

LEMMA  2.2.3 

F0  is  continuous  from  the  right  at  every  point  of  R. 

Proof:  Select  an  arbitrary  real  number,  a.  Then 

Ca,a+i3  =  U  (a+iri  > 

L  '  I 

and 

OO  .  \  | 

jix( a -  2-  jx  (  >  a+±J 

The  sequence  of  partial  sums  represented  by  this  infinite  series  is  mono¬ 
tone  increasing  and  bounded  by yU  (a,a  +  l]  .  Hence  for  every  £  >  O  there 
exists  an  N  such  that  for  every  n>N 

f-  j  cl+  £]<€.. 

n 

However  since 

p-  (&A+  ~  yM-  (  ^  ^  i  a  r-^  j> 

it  follows  that 

i~Q  (a+  J-)  -  F;  (a)  <  € 

Since  F0  is  monotone  non-decreasing 

F"c  ( x  )  -  C  Cl)  <  £ 

for  every  x  in  (a,a4-^).  Therefore  Fc  is  continuous  on  the  right  at  a 
where  a  is  an  arbitrary  real  number. 
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LEMMA  2.2.4 


F0  Is  iv.M^  . 

DEFINITION  2.2.2 

Let  M  be  the  equivalence  class  in  which  contains  F0. 

LEMMA  2.2.5 

For  every  F  in  M  and  every  a  <b, 

/a( a,b3  =  f (b)  -  f  (GO . 

Proof;  Since  F  is  in  M,  there  exists  a  real  number  C  such  that  for  every 
x  in  R, 

F(0  -  FoO0  +C. 

Thus 

yUU a > bj  -  b)  -  F  ('a.') 

=  ir0cb'>  -t-  C-  F0(o0  -  C 
-  I—  c.b)  -  P  (cl). 

This  cotapletes  the  proof  of  the  theorem.  The  following  is  noted 
howc ve  r : 

LEMMA  2.2.6 

livn  yU(x,a)  =  o. 

x  -*a 

Proof:  The  proof  is  similar  to  the  proof  of  lemma  2,2.3, 
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Chapter  3 


PART  I:  THE  DEFINITION  OF  THE  LEBESGUE-STIELJES  INTEGRAL 


The  Lebesgue~St iel jes  integral  of  a  bounded  point  function  g  with 
respect  to  a  Lebesgue-Stiel jes  measure JJ<  ,  or  with  respect  to  any  func¬ 
tion  F  in  the  equivalence  class  of  M  that  corresponds  to  over  a  Bore l 
set  B  such  that ju  B  is  finite  will  be  defined.  The  definition  will  be 
extended  to  functions  g  that  are  not  bounded  on  E,  to  L^besgue-Stiel jes 
measures  yA  such  thatyU  B  is  infinite,  to  functions  F  that  are  monotone 
non-decreasing  on  R  but  not  continuous  on  the  right  and  finally  to  func¬ 
tions  F  of  bounded  variation  on  B.  Some  preliminary  definitions  are 
necessary: 


DEFINITION  3.1.1 

For  a  given  Borel  set  B,  Dn  is  defined  to  be  a  collection  of  n  dis¬ 
joint  Borel  sets  ,Bn  such  that 


1-1 

DEFINITION  3.1.2 


The  upper  Darboux  sum  of  a  bounded  function  g  with  respect  to  a 
Lebesgue-Stiel jes  measure  yjL  and  a  given  Dn  on  a  Borel  set  B  of  finite 
yU-tneasure  Is 

»o 


Z- Mi  /iBL 


where  "re  the  elements  of  Dn  and  is  the  sup remum  of  g 

on  B^. 

DEFINITION  3.K3 

The  lower  Darboux  sum  of  a  bounded  function  g  with  respect  to  a  Le~ 
besgue-S tiel jes  measure  and  with  respect  to  a  given  Dn  over  a  Borel 
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set  B  of  finite  y(A-raeasux‘e  is 


where  are  the  elements  of  D  and  M  is  the  infimum  of  g  on 

DEFINITION  3,1 .4 

The  upper  integral  of  a  bounded  function  g  with  respect  to  a  Lebesgue 
Stieljes  measure  yu.  over  a  Borel  set  B  of  finite  yot-measure  is 

inf  Mi 

JL- »  ' 


where  che  infimum  is  taken  with  respect  to  all  Dn's  for  all  values  of  n. 
The  upper  integral  is  denoted  by 


W/ 


or 


where  F  is  any  function  in  the  equivalence  class  corresponding  to  . 
DEFINITION  3,1.5 

The  lower  integral  of  a  bounded  function  g  with  respect  to  a  Lebesgac 
Stieljes  measure  yU  over  a  Borel  set  B  of  finite  ytc-^easure  is 

VO 

Sup  vr>i  ^"Bi 


where  the  supremum  is,  taken  with  respect  to  all  D^s  for  all  values  of  n» 
The  lower  integral  is  denoted  by 

ig^  or  S^dF 

where  F  is  defined  as  in  definition  3.1.4. 

DEFINITION  3.1 

A  bounded  function  g  is  Lebesgue-Stiel jes  integrabie  with  respect  to 
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the  Lebesgue-Stiel jes  measure  xx  over  a  Borel  set  B  of  finite  jx.  -measure 
if  the  upper  and  lower  integrals  are  equal  and  finite.  The  common  value 
of  the  upper  and  lower  integrals  is  called  the  Lebesgue-Stiel jes  integral 
and  is  denoted  by 


THEOREM  3.1; 

A  necessary  and  sufficient  condition  for  the  existence  of  f-b  'i j i 

is  that  for  every  •  there  exists  a  Dp  such  that 

*E-  (  M ,  -  Vvi  4 )  u  x  n  £ 

i.  -  t 

Proof:  Clearly  each  upper  Darboux  sum  is  greater  than  or  equal  to  each 

lower  Darboux  sum.  It  follows  that 

^  djd/A  >  \ 

For  every  Oo  there  exists  a  and  a  such  that 

M,ubt  -  Tb 

c-  «  ^ 

and 

/  // 

These  inequalities  continue  to  hold  when  Dn  and  are  replaced  by 

=  \  ‘Bfn’bf  ns!  ,  * (  .  If  •  B  g  d  .u  exists,  the 

upper  and  lower  integrals  are  equal  by  definition.  It  follows  that  the 
stated  condition  is  necessary.  Conversely,  if  the  condition  is  satisfied 

b  ]  \r  "  h  i  '/<  ^ c- 
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Since  the  inequalities  hold  for  every  Oo  the  upper  and  lower  inte¬ 
grals  must  be  equal. 

THEOREM  3.2; 

If  JLK. B  is  finite  and  g  is  Borel  measurable  and  bounded  on  B,  the 
exists. 

Proof:  Take  |  % 2>  ^  ^  and  any  finite  number  of  points 

yo’yi*'**  »yn  such  thPt 


0-  w->  -  inf  f(x)  for  all  x  in  B  , 
u  =.  tv"\  =  sup  f(x)  for  all  x  in  B  , 


and 


Let 


Since  g  is  Borel  measurable,  B^  is  the  intersection  of  two  Borel  sets 
and  therefore  a  Borel  set.  It  follows  that  is  defined.  If  is 

the  supremum  of  g(x)  for  x  in  and  is  the  infitnura  of  g(x)  for  x  in 
3^  ,  it  follows  that 


It  follows  that 
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Therefore 


0  C  X  C 


< 


I  +yU.  D 


ubl  =  *  ,.liC>  </  6 


It  follows  from  theorem  3.1  that  the  Lebesgue*Stiei jes  intergral  exists. 
DEFINITION  3.2 

If  g  is  not  bounded  on  B,  define 

L  a  du  -  Um 


'*1^  ~  r:’\  'b 


V 

b>->  ^ 


where 


r 


(x) 


-  s 


provided  the  above  limit  exists. 
D£Fi:;itiq:?  3.3 

If ^  B  is  infinite,  define 


a 

for 

g(x) 

a 

g(x) 

for 

a  g<: 

0  b 

b 

for 

b  g(: 

<> 

Sb  ry}}A  =  ll.r, 


-s  -  £>o 

b”>  ° 


where 


L  .  L 

provided  the  Limit  exists. 

If  F  is  monotone  non-decreasing  but  not  continuous  on  the  right, 


define 
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where 

F*(x)  z  lim  F(x) 

x'’— >  X 

jc 

for  all  x  in  B  provided  the  integral  with  respect  to  F  exists. 

DEFINITION  3.6 

If  F  is  of  bounded  variation  on  R,  define 

where 

P  -  Pj  —  H  z 

and  F^  and  F2  are  monotone  non-decreasing  provided  the  integrals  with  re¬ 
spect  to  and  F2  exist. 
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PART  II:  PROPERTIES  OF  THE  LEBESGUE-STIELJES  INTEGRAL 


Properties  will  be  derived  for  the  Lebesgue-Stiel jes  integral  of  a 
bounded  Borel  measurable  function  g  with  respect  to  a  Lebesgue-Stiel jes 
measure  yuA  over  a  Borel  set  B  of  finite  yU  measure.  These  properties 
will  be  useful  in  Chapter  4. 

THEOREM  3.3 

If  g^,***,gn  is  a  finite  collection  of  bounded  Borel  measurable  func¬ 
tions  , 


Proof:  Since  gj  and  2>2  are  bounded  and  Borel  measurable,  so  is  g^-t-  g2* 

It  follows  that 

+  "  saP  2- 

=  £.  ju 

7 

where  is  the  infimum  of  g^(x)  -f*g2(x)  for  all  x  in  and  is 

the  supremum  of  g^ (x) +  g2 (x)  for  all  x  in  B^.  Furthermore 

where  ta^  is  the  infimum  of  g^(x)  and  is  the  infimum  of  S2(x)  f°r 

x  in  B^;  moreover 

where  and  M2£  are  defined  in  the  obvious  way.  It  follows  that 

2L  vn0jL  >xbk  2.  Z  (vnlL+  uB; 

JL.~  •  7  '  7 
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and 


£.  M f|  +  *Azl)  uTb; 

L-l  '  C-' 


Since  gj  and  ^  are  integrabie,  it  follows  that 

/  r  .  vo  o 

\  *  •lB>^7U-  =  ^UP  su.p  yvaa^ yx^>i, 

vn 

=^5ap  E-Cm,^  vri2LyJB>L 


iw-  j 

r\ 


-  tr>f  E_  V 


c-> 


3ut  since 


<C  moL  £  M**.  <1  Mzi  > 

it  follows  that 

ty*  *  ^p>  ^2.^  '  ^'b^>'t"c5~')  ^ 


The  conclusion  follows  by  Induction. 


THEOREM  3.4 

If  B^  and  B2  are  disjoint  Borel  sets  of  finite  yU-neasure  whose 
union  is  B  ,  then 


Proof:  Define 


and 


(jdyx  -  iB( 

V  •  ( V 

^  -Cx)  =  (  9(,° 

l  o 


“3d/**  E  <}4“' 

for  x  to  *g>v 
for  v  to 

for  x  "B>z 

for  x  irj  P>, 


40 


Then 


^B<jC I/A  =  6/J. 

=  JB<JcI^  +■  ^3^- 


THEOREM  3.5 


wyA£>^.  ^jdyx.  £  MyU"B 


where  m  is  the  infiraum  and  M,  the  supremura  of  g(x)  for  all  x  in  B. 
Proof:  Letting  be  a  sequence  of  disjoint  Borel  sets  whose 

union  is  B  and  letting  be  the  supremum  of  g(x)  for  all  x  in  Bj,  it 
follows  that  <^M  for  all  i.  Thus 


Z  2_  M  /2bK 

L- ‘  L -  \ 

=  M/UTb . 

Similarly 


/n  yW."B . 


But  when  the  Lebesgue-Stie 1 jes  intergral  exists 

<\  r\ 

inf  2—  M;  2- 


It  follows  that 


vryu-B  <1  \  ^  cj  dju.  ^  M yxB 


'.1 


COROLLARY  3.5.1 


if  JJ.B  =  0  >  ^  c^djx  = 


o 


THEOREM  3.6 


I  djdjR  I  <L  iB!  I  j/x. 


Proof:  Clearly 


+  J>  O  God  I  Cjcol  "  C^x)^lO 

Letting  ra^  be  the  infimura  of  |g{x)|  -f-  g(x)  for  all  x  in  B  and  , 
the  infimum  of  |g{x)|  —  g(x)  ,  it  follows  that 

O  < 


Hence 


Sinilar  ly 


<  (  I  ^  I  -t-  ^  )6jjl 

~  r,Z  I  Cj  I  J>  +  gd/L. 

=  !b  itjiAjx  +  (_ 'v<j)  J,u  . 

Since  it  follows  directly  from  the  definition  that  a  constant  may  be  fac¬ 
tored  across  the  integral  sign, 


^rifl  -<  iB  l^ld/x. 

f  ^  R  'i  I  ^  ^  R  I  Cl  I  U  . 
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Hence 


THEOREM  3,7 


Suppose  yx  is  a  Lebesgue-Stiel jes  measure,  B  is  some  Borel  set  of 
finite  yx  -measure  and  gi*^***’  is  a  sequence  of  Borel  measurable  func¬ 
tions  defined  on  B  and  such  that  for  every  n  and  for  every  x  in  B  there 
exists  a  real  number  K  such  that 

I  I  <  K 

Suppose  moreover  that 


Urn  ^nCx)  =  (j  (x) 


r\  — > 


almost  everywhere  i.e,  for  all  x  in  B-BQ  where  Jul%0  -  0.  Finally  sup¬ 
pose  that  g  is  bounded  on  B.  It  follows  that 


lira 

n  ->  oo 


Linn 


Proof:  Since  g  is  bounded  on  S  andyxB^^  O  ,  it  is  obvious  that 

^B0  =  0 

«*• 

Letting  B-Bc  =  B  ,  g  is  the  limit  of  a  sequence  of  Borel  measurable 
functions  on  B*  and  hence  g  is  Borel  measurable.  Moreover  lg(x)|  X  K 
for  all  x  in  B*.  It  follows  that  g(x)  is  integrable  over  B*  and  hence 
the  following  integrals  exist  and 

\^i  Cjd \y.  --  )Bt  T 

For  every  £>0  a  non-decreasing  sequence  of  subsets  of  B  nay  be 
defined  as  follows* 
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b,  =  {  *  ’•  I  ^  c>f)  |  <  <b  for  r*  -  i>2.>  "  \ 

15  ^  -  i  *  ;  I  I  ^  ^  for  ^  r  2/5/"  i 


*&*,'  ^X'«  ICj^lO-^COl^fc  for  Y)  =  L  ^L+- 1  /"  I 


where  *r'-  .  f. _ 

2(iyxlS) 

Since  3^  is  a  subset  of  B*  for  every  i 

Ob.C'B* 

i.  -  t 

it 

Furthermore  x  in  B  implies  lim  gn(x)  equals  g(x).  This  means  that  for 

n  — >-  Oo 

every  ^  >  o  chare  exists  an  tn  such  chat  for  every  n>  m  ,  x  is  in  Bn- 
In  symbols 

-b*  C  U 

L“  » 

It  follows  that 


v  <^0 

A.-  I 


.Since  BjC32C  •  -  , 


i- I  <•-■=  1 


Thus  since  the  sets  on  the  right  are  disjoint  Borel  sets 
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jllL.  0  -  yuB* X-  j.*.  ( ”5>cti"  ”B>l) 

=  Um  ( -*-•••  »  ) 

n  -*-  oo 

-  Um  yuBn 

m  -s.  CO 

This  means  that  there  exists  an  ra  such  that  for  every  n>tn 

I  U^yTE^I  <  _£ _ 

4K  ’ 

Since  it  may  be  easily  shown  that  (  gn  *  g 1  is  a  bounded,  Borel  measur¬ 
able  function,  it  follows  that  (gj^-gl  is  integrable  and  hence  for 
every  n  >  m 


<  <Z  4-  ZK  yU(fe-'B^l) 


< 


A-^~\  +ZK — — 

-4(  I  +yU  d)  -+K 


<  * . 


Since 


I  ^p.  (  <y-:j )  d;x  I  ^  i  J  u  > 

it  follows  that  for  every  £>o  ,  there  exists  an  n  such  that  for  every  n  >m 
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THEOREM  3.8 


if  2.  t  ;_(.*>  -  CO  almost  everywhere  on  some  Borel  set  B  of  in- 

K.~  \  V 

finite  jla  -measure,  if  g  is  bounded  on  B  and  if  there  exists  a  real  number 

A  { 

K  such  that  for  all  x  in  B  and  for  all  n,  I  2L  V  ;  (x'i  I  <  (<  then 

c=i  ) 

oo  t*r. 

2.  =  2  -fj  dju. 

Proof:  This  is  an  immediate  consequence  of  theorem  3.7  considering  the 
sequence  of  partial  sums. 

THEOREM  3.9 

If  is  a  sequence  of  disjoint  Borel  sets  whose  union  is  B , 


*  I, 


Proof;  Define  e  (x)  to  be  1  when  x  is  in  B^  and  zero  otherwise, 
for  all  x  in  B  , 

oo 

<^(»o  =  2.  e^o  ^ V 


Then 


Hence 


•)b  -] 


CO 

e  1  rj  ^  y 

%,  ^  ¥ 

t-  -  \ 

Cwr* 

\.T  o  I U  . 

i--,  t-,1  / 
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Chapter  4 


PROBABILITY  INTEGRALS 

In  this  section  probability  measure  and  probability  distribution 
function  will  be  defined.  Then  it  will  be  shown  how  the  Lebesgue- 
Stieljes  integral  of  a  bounded  Borel  measurable  function  g  with  respect 
to  a  probability  measure  may  be  expressed  as  a  countable  sum  of  positive 
numbers  plus  the  Lebesgue-S tiel jes  integral  of  g  with  respect  to  a  func¬ 
tion  that  is  everywhere  continuous. 

DEFINITION  4.1 

If  F  is  monotone  non-decreasing,  defined  on  R  and  continuous  from 
the  right,  i.e.  if  F  is  an  element  of  ML  and  if  lim  F(x)  -  0  and 

X  ■  ^  —  CX3 

lira  F(x)  s  1,  Chen  F  is  a  probability  distribution  function, 
x  V+W 

DEFINITION  4.2 

If  is  the  unique  measure  determined  by  a  probability  distribution 
function,  jj.  is  a  probability  measure  and  for  any  Borel  set  B,  you B  will 
be  denoted  by  P(B).  P(B)  is  the  "probability"  that  x  is  in  B. 

THEOREM  4. 1 

If  P  is  a  probability  measure. 

Moreover  for  all  Borel  sets  B, 


THEOREM  4.2 

If  yx  is  a  Lebesgue-Stiel jes  measure , y^  faj  is  greater  than  zero  if 
and  only  if  a  is  a  point  of  discontinuity  for  every  function  F  in  the 
equivalence  class  corresponding  to yU.  . 
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Proof:  First  assuming  that  a  is  a  point  of  discontinuity,  it  follows 
from  the  fact  that  every  F  is  monotone  non-decreasing  and  continuous  on 
the  right  that 

Urn  F(x)  <  Km  F{x)  =  F(a). 


But 


Further 


liro  jjl  ( * ~  luvi 

x  -*•  Ol~  V  -V <2_- 

■=/*.(  a- } 

lira  =•  lun  (  5"  too  -  I-  cxO  >  o 


*  -•>  a.- 


It  follows  thac  yu.{a^>0 

On  the  other  hand,  assuming  that 


lim  (  F'CclY  -  'rix))  -  >  O 

x  ~>c.~ 


Hence  F  is  discontinuous  at  a.  This  clearly  holds  for  all  F  in  the 
equivalence  class  corresponding  to  jx. . 

COROLLARY  4.2.1 

JX\  a\  --  O  if  and  only  if  a  is  a  point  of  continuity  of  F  for  all 
F  in  the  equivalence  class  corresponding  to  y.  . 


THEOREM  4.3 

For  all  functions  F  in  M  there  are  at  most  a  countable  number  of 
discontinuities. 

Proof:  Suppose  a  is  a  point  of  discontinuity  for  F.  Then 

F(a)  =  lira  F(x>  >  lim  F(x). 

*  0.4-  X  — >  - 
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Mace  a  with  a  rational  number  r  such  that 


lim  F{:<)  c  r  <  lim  F(x). 

Since  F  is  nonotone  non-decreasing,  each  distinct  point  of  discontinuity 
corresponds  to  a  distinct  rational  number.  Since  the  rationals  are 
denumerable,  the  points  of  discontinuity  are  countable. 

THEOREM  4.4 

If  F  is  a  probability  distribution  function 
F  s  f  -v-  S 

where  f  is  continuous  on  R. 

Proof:  Let  x  be  the  points  of  discontinuity  for  F.  x  is  a  Borel  set 
since  x  is  a  countable  union  of  distinct  points  and  each  point  is  a  Borel 
set.  Moreover  R-x  is  the  points  of  continuity  for  F  and  is  also  a 
BoreL  set.  Suppose  P  is  the  probability  measure  that  corresponds  to  F* 
Then  for  alL  Borel  sets  B, 

'P(B)  =  "P  (BOX')  ■»■<?  (B-J) 

Define 

^U.B  =  ‘PCB-X )  and  -'P(BAI) 

Then  jX  ^  and yU  2  arc  hounded  Lebcstue-Stlel jes  measures.  For  all  x  define 

•p  (.*  >  - JJ. ,  (- and  Si*}-  yW2^-00>xl. 

Then  f  is  in  Che  equivalence  class  corresponding  to  yx  ^  and  S  is  in  Che 
equivalence  class  corresponding  to  jx  2* 

Then  for  all  x  , 
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=  PL<-^,k1  -U+PQ-^Oni] 

~  P  C-^o 


=  \~  (v> 


If  x  is  in  x  , 


u,U!  =  'Pc(-!-£J  --P4--0 

If  x  is  in  R-x 


jxSA  '^0*^-2.]  -  PJ4  -o 

Hence  yu,(x|  is  zero  for  all  x  in  R.  Since  f  is  in  the  equivalence 
class  corresponding  to  iJL  ^  it  follows  that  f  is  continuous  for  all  x. 
THEOREM  4.5 

If  x^  and  X2  arc  two  points  in  5  and  no  points  of  x  are  in 
(X1 *x2^  > 

Then  for  every  x  in  QcpX2>  ,  S(x)  r  S(x^). 

Proof:  For  every  x  in  [x^,X2)> 

PLc-^,v3 m]  * Pjj r-^x.iA  +'PLcx1>x)n l] 

~  P  Lc-  ,  ■*  C\  *.  i 

Hence 


PLc-^vln  *3  ;yuz  (-«*>*! 

=  *5  co  =  5cxv) . 


THEOREM  4.6 

S  is  continuous  at  all  x  in  R-x  and  discontinuous  at  :<  in  x  . 
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Proof:  For  x  in  R-"x  , 


^LMn ll  =  P0  =o 


Hence  x  is  a  point  of  continuity  for  S 


For  x  in  x 


yUzM  =  9  lU  \  A  *]  =  P|k)>o 


Hence  x  is  a  point  of  discontinuity  for  S. 

DEFINITION  4,3 

A  function  having  the  properties  attributed  to  S  in  theorems  4.5 
and  4.6  will  be  called  a  generalized  step  function. 

THEOREM  4.7 


where  g  is  bounded  and  Borel  measurable  on  the  Borel  set  B,  F  is  a  prob¬ 


ability  distribution  function  and  x,  ^  ^  and  are  as  defined 

theorem  4.4. 

Proof:  By  definition 


d<-  -  m-f  2. 


=  Cof  £_  +■ 

L- 1  / 


-  uof  i-  tnf  2L  M  v  yUz 
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From  theorem  3.9 


=  ^ B  <5^2.  +  iB  ^  dyx, 

~  JT>AI  ^c*/ai+  ^  <4W| 

WF  ‘&J* 

=■  X.  +  i-g 

x.^  iVi  Bni 


57. 


Chapter  5 


CONCLUSION 

A  bounded  Borel  measurable  function  which  gives  an  important  special 
case  of  the  general  formulas  in  the  preceding  chapters  is  g(x)  =  1  for 
all  x.  If  g(x)  s  1  ,  for  any  Borel  set,  B,  and  any  probability  distribu¬ 
tion  function,  F,  the  probability  that  x  is  in  B  is  given  by 

B~)  =  ^dF 

Suppose  F  is  continuous  everywhere.  It  may  be  shown  that  F  has  a 
derivative  at  every  point  with  the  possible  exception  of  a  set  of 
Lebesgue  measure  zero  C2l.  If  i r.e  derivative  of  F,F/,  exists  everywhere, 
it  is  called  the  probability  density  function.  Furthermore  it  may  be 
shown  that 

'6  x  =  d  F"  r  "P 

In  particular  if  B  is  the  interval  from  a  to  b 

P(B)  =  t  F  dx  = 

This  is  true  regardless  of  whether  the  interval  is  (a,b),  (a,bj  ,  C?**5) 

or  [a,b3  .  If  B  is  a  single  point  P(B)  is  clearly  zero. 

Suppose  F  is  a  generalized  step  function,  i.e.  F(x)  r  S(x).  The 
set  of  points  at  which  F  is  discontinuous  X  is  either  a  finite  or 
denumerable  set.  The  function  p  is  called  the  probability  density  func¬ 
tion  for  F  where 

t  * ; >  -  Linn  Kx^  for  x ^  2L 
x-> 

and 

=  0  for  x  v^cft  wa  1£. 


53 


The  probability  that  x  is  in  a  Borel  set  B  is 


x-  i*  O 

The  set  X  may  be  such  that  every  point  of  X  is  in  an  interval  con¬ 
taining  no  other  points  of  X.  In  this  case  X  is  said  to  be  discrete. 
The  discrete  case  includes  the  case  where  X  has  a  finite  number  of 
points  in  every  finite  interval.  In  this  case  F  is  a  step  function  in 
the  ordinary  sense  £33*  It  may  also  happen  that  X  is  discrete  but  has 
a  denumerable  number  of  points  in  some  finite  interval.  For  example 
let 


2>  J  3  t 

and  define 

f 

o  for  *  ±  i . 

&  for  X  in  [.TTvo  n)  >  M  = 

I  -for  x  In 
v*. 

Also  the  set  X  may  be  such  that  there  exists  a  denumerable  set  of 
x^'s  in  every  interval.  In  this  case  X  is  said  to  be  everywhere  dense. 
For  example  let  X  be  the  set  of  all  rational  numbers,  r^,^,***.  Define 


and  let 


' 

Finally  F  may  of  course  be  the  sum  of  a  non  zero  continuous  func¬ 
tion  and  a  non  zero  generalized  step  function. 

The  two  cases  usually  discussed  in  elementary  probability  courses 
are  where  F  is  everywhere  differentiable  (and  hence  continuous) »  and 
where  F  is  an  ordinary  step  function. 
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